We study the propagation of a neutrino in a medium that consists of two or more thermal backgrounds of electrons and nucleons moving with some relative velocity, in the presence of a static and homogeneous electromagnetic field. We calculate the neutrino self-energy and dispersion relation using the linear thermal Schwinger propagator, we give the formulas for the dispersion relation and discuss general features of the results obtained, in particular the effects of the stream contributions. We discuss in detail specifically a medium that consists of a normal electron background plus another electron stream background that is moving with a velocity four-vector v µ , as a whole, relative to the normal background, in the presence of a static and homogeneous magnetic field ( B) in the reference frame of the normal background. For a neutrino propagating with momentum k, in the presence of the stream the neutrino dispersion relation acquires an anisotropic contribution of the formk · v in addition to the well known termk · B, as well as an additional contribution proportional to 2 B · v. We consider the contribution from a nucleon stream background as an example of other possible stream backgrounds, and comment on possible generalizations to take into account the effects of inhomogeneous fields. We explain why a term of the formk · ( v × B) does not appear in the dispersion relation in the constant field case, while a term of similar form can appear in the presence of an inhomogeneous field involving its gradient.
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I. INTRODUCTION AND SUMMARY
Since the discovery of the MSW effect [1] , for many years a lot of attention has been given to the calculation of the properties of neutrinos in a matter background under various conditions. The matter background modifies the neutrino dispersion relations [2] , and also induces electromagnetic couplings that can lead to effects in several astrophysical and/or cosmological settings [3] . In supernova environments the presence of the neutrino background leads to neutrino collective oscillations [4] that have been the subject of significant work in the context of instabilities in supernovas [5] .
It is now well known that the presence of a magnetic field produces an angular asymmetry in the neutrino dispersion relation when it propagates in an otherwise isotropic background medium [6] . Since many of the physical environments of interest in the contexts mentioned include the presence of a magnetic field, a significant amount of work has been dedicated to study the calculation of the neutrino self-energy in the presence of a magnetic field, or a magnetized background medium [7] , and the study of the properties and propagation of neutrinos in such media [8] .
In the previous calculations related to the propagation of neutrinos in a background medium, the background is taken to be at rest since there is no other reference frame defined in the problem at hand. In the present work we consider the propagation of a neutrino in a medium that consists of a normal matter background and a constant magnetic field, as considered in the previous works already cited, plus a stream background (superimposed on the normal background) which has a non-zero velocity relative to the normal background.
In the context of plasma physics the propagation of photons in magnetized or unmagnetized two stream plasma systems is a well studied subject [9] . Here we initiate the analogous study for the case of neutrinos. Our goal is to determine the neutrino dispersion relation for a neutrino that propagates in such stream systems, and in particular including the effects of a magnetic field. Beyond the intrinsic interest, the results are of practical application in astrophysical contexts in which the asymmetric neutrino propagation is believed to produce important effects such as the dynamics of pulsars [10, 11] and supernovas [12] .
Before embarking on the details, we make these statements more precise. In the common notation, the velocity four-vector of the background is denoted by u µ , and its reference frame is defined by setting
We will refer to it as the normal background.
We assume that in the rest frame of the normal background, there is a constant magnetic field B = Bb. In that frame we define
We can then write the corresponding EM tensor in the form 3) and its dual, defined as usual byF µν = 1 2 ǫ µναβ F αβ , is given bỹ
F µν andF µν are such that
In the present work we assume that there are other backgrounds, to which we refer as the stream backgrounds, which are superimposed on the normal matter background. A stream background is a thermal background that has a non-zero velocity relative to the normal matter background. For definiteness, we consider only the contributions from the electrons and nucleons (N = n, p) in the normal and stream backgrounds, and we use the symbols s = e, N and s ′ = e ′ , N ′ to refer to them, respectively. We also use f e = e, e ′ to refer to the electrons in either background, and similarly for the nucleons f N = N, N ′ . The symbol f stands for any fermion in either background. In particular, u µ f denotes the velocity four-vector of any of the backgrounds.
As already stated the normal background can be taken to be at rest, so that for all the species in the normal background we set 6) with the components of u µ given in Eq. (1.1). But for the stream backgrounds
in that same frame.
The main objective of the present work is the calculation of the neutrino dispersion relation, taking into account the simultaneous presence of the stream background and the magnetic field. Our work is based on the calculation of the thermal self-energy diagrams shown in Fig. 1 for the corresponding dispersion relations. The main result is that for a neutrino propagating with momentum k in the presence of a stream, the neutrino dispersion relation acquires an anisotropic contribution of the formk · u s ′ in addition to the well known termk · B, and the standard isotropic term receives an additional contribution proportional to B · u s ′ . The term involvingk · ( u s ′ × B) does not appear in the dispersion relation, due to time-reversal invariance.
In Section II we summarize the general parametrization of the self-energy, review the relevant formulas for the electron thermal propagator and the main ingredients involved in the calculation. The formulas for the parameter coefficients that appear in the neutrino thermal self-energy are obtained and summarized in Section IV. The calculation of the contribution of a nucleon stream is also given there as an illustration of possible generalizations.
In Section V we discuss and summarize the main features of the results obtained for the neutrino dispersion relation, and comment on related work, in particular the calculation in the case of an inhomogeneous external field.
II. GENERAL CONSIDERATIONS
We denote by Σ ef f the background-dependent contribution to the neutrino self-energy, determined from the calculation of the diagrams in Fig. 1 . Chirality of the neutrino interactions then imply that
and the dispersion relation for a given neutrino flavor ν ℓ is then obtained by solving the
The diagrams that contribute to the neutrino self-energy in a background of electrons and nucleons to the lowest order for a given neutrino flavor ν ℓ (ℓ = e, µ, τ ). Diagram (a) contributes only to the ν e self-energy, while Diagram (b) contributes for the three neutrino flavors. In our calculation we consider two sets of these two diagrams, one set with the normal background (s = e, n, p) and another set with the stream backgrounds (s ′ = e ′ , n ′ , p ′ ).
In the lowest (1-loop) order each background gives a separate contribution Σ f to the total self-energy. In the presence of a constant electromagnetic field each term Σ f is a function of
f as well as F µν , and its general form is
In the present calculation we restrict ourselves to the contact O(1/m 2 W ) term of the W propagator, and we do not consider the momentum dependent terms nor its dependence on the magnetic field. To this order in 1/m 2 W the a f , g f ,g f terms in Eq. (2.3) vanish and we do not consider them any further. Regarding the other terms, for our particular case in which the field is a pure B field in the rest frame of the normal background, Eq. (1.5) implies that Σ s , (s = e, n, p), is reduced to (2.4) which is the form used in Ref. [6] . However, for the stream backgrounds, using Eq. (1.4),
where
In the rest frame of the normal background E µ s ′ has components
which can be interpreted as the electric field that the stream background particles "see".
Thus the d s ′ term represents an electric dipole type of coupling of the stream background particles. As we will see, the d s ′ is actually not present in our final result for Σ s ′ , which we understand as a consequence of the fact that such couplings require time-reversal violating effects for which there is no source in the context of our calculation. We will discuss this in further detail in Section V.
In summary, the contribution from each background to the self-energy can be parametrized in the form
Therefore for the total self-energy we can write
with 10) which using Eq. (1.4) can be expressed in the equivalent form
The internal fermion lines in the diagrams in Fig. 1 stand for the thermal fermion propagator in an external electromagnetic field, for which we will adopt the linearized Schwinger propagator used in Ref. [13] . We consider first the propagator for the electron, for either the normal or stream background, and use the notation f e = e, e ′ to refer to any of them.
Following that reference, we write the Schwinger propagator (in the vacuum) in the form
0 is the free propagator 2) and S
(e)
B is the linearized B-dependent part of the Schwinger propagator for the electron[14],
with
Ordinarily the thermal propagator is then constructed by the rule [15] , 5) with η defined, as usual (see below), in terms of the distribution function of the background electrons, andS
For the calculation in this work the propagator for each electron background (f e = e, e ′ ) is taken to be similar to Eq. (3.5), but with
with S (e) F as defined in Eq. (3.1). For any background fermion f the function can be written in the form (3.10) where S (e) 0 and S
B are the background-independent terms, given above, while S 11) and iS (fe) 12) which is the part that is of most interest to us. Notice that the factor G e (p) that appears here is the same for both the normal and stream backgrounds, defined in Eq. (3.4), since it refers to the B-dependent part of the vacuum Schwinger propagator. It is useful to note 13) whereF µν is given in Eq. (1.4) and
B. Nucleon propagator
A nucleon (N = n, p) has an anomalous magnetic moment coupling that also contributes to the B-dependent part of the neutrino thermal self-energy. The formula analogous to Eq.
(3.10) for the thermal Schwinger propagator for a nucleon including the anomalous magnetic moment coupling, was obtained in Ref. [13] . Adapting that result to our case, the thermal Schwinger propagator for a nucleon in either the normal or stream background (
is the free nucleon propagator, and
Here we denote by u µ f N the velocity four-vector of the nucleon background, while e N and κ N stand for the nucleon electric charge and anomalous magnetic moment, respectively. As in the electron case above, our working rule is that Eq. 
In analogy with Eq. (3.13), here we note that H N (p) can be rewritten in the form
For a given background f e = e, e ′ , the W diagram in Fig. 1 gives a contribution to the neutrino thermal self-energy −iΣ
Using Eq. (3.7) and retaining only the background-dependent part,
which correspond to the B-independent and B-dependent contribution to the neutrino thermal self-energy, respectively. By simple Dirac algebra they can be expressed in the form
where we have used Eq. (3.13), and
The integrals I f µ , J f µ must be of the form 6) with the coefficients given bỹ
which can then be evaluated in any reference frame since they are scalar integrals. A convenient one to use is the rest frame of each background f . Denoting the energy and momentum of the background particles in that reference frame by E f and P , a straightforward evaluation
and 11) where
f fe (E e ) − ff e (E e ) . (4.12)
For the Z diagram we need the following neutral current couplings,
where 14) and (Verify these, and give the reference) The Z diagram contribution is −iΣ 16) and retaining only the background-dependent part,
We consider the contributions from the electron and the nucleon backgrounds separately.
Electron background contribution
In terms of the integrals I f µ , J f µ defined in Eq. (4.5),
Comparing with Eq. (4.4), we then obtain given in Eq. (4.11).
Nucleon background contribution
We consider here the nucleon backgrounds. As with the electron case, what interests us is the contribution to the neutrino self-energy arising from S Denoting them by Σ
, respectively. From Eq. (4.18), (4.21) where X stands for either subscript, T or T B. The calculation involving S (f N ) T (p) and the
T B (p) follows the steps that lead to Eq. (4.19) . On the other hand, using Eq. (3.17) it follows that
Thus we obtain (4.23) where I f N µ and J f N µ are the integrals given by Eq. (4.5), with f = f N . Thus, the contribution of a nucleon background to the neutrino self-energy is given by (4.24) with
Using the results given in Eqs. (4.11) , (4.20) and (4.24) , the thermal self-energy for each neutrino flavor
is given by (4.27) where, for f e = e, e ′ , 1) and the dispersion relations are obtained by solving
Remembering that V µ does not depend on k (to the order 1/m 2 W that we are considering in this work), the solutions are k 0 = ω ± ( k), where
withk being the unit vector along the direction of propagation. The dispersion relation for the neutrino and the antineutrino are identified as usual, 4) which to the lowest order yield 5) where the upper(lower) sign holds for the neutrino(antineutrino) and
Explicitly, using Eq. (2.11),
The fact that the dispersion relation in the presence of a magnetic field has an anisotropic term proportional tok · B is well known. As we have already mentioned many of its possible effects have been studied and more complete calculations involving higher order contributions have been performed in the references cited. The above results show that in the presence of a stream (with a velocity four-vector u µ f relative to the normal background), the dispersion relation acquires another anisotropic term of the formk · u f . Furthermore, the standard isotropic (Wolfenstein) term receives an additional contribution proportional to B · u f that involves the stream velocity and the magnetic field.
It has been suggested repeatedly in the literature that the anisotropic terms in the neutrino dispersion relations can have effects in several astrophysical environments including pulsars [10] and the dynamics of supernovas [12] . The resonance condition for neutrino oscillations in a magnetic field depends onk · B, and therefore is satisfied at different depths, corresponding to different densities and temperatures. This difference results in an asymmetry in the momentum distributions of the neutrinos. In the presence of a stream background, the neutrino asymmetry will depend on the relative orientation of the three vectors k, B, u f .
As an example, let us consider specifically the two-stream electron background. Denoting the velocity four-vector of the stream by v µ , then (5.9) We wish to compare the size of the term proportional tok · v relative tok · B, thus we consider the quantity
For simplicity we will take v 0 ∼ 0, and for definiteness we will assume that the two backgrounds are described by the classical thermal distribution functions. In that case, (5.11) and similarly for ff , and therefore,
where we have defined ∆N f = n f − nf and B c = m 2 e /e. On the other hand, The indication is that it is possible that r ∼ 1 for acceptable values of the parameters involved. In other words, it is conceivable that there are environments where the conditions are such that the asymmetries due to thek · v andk · B terms can be comparable.
Similar results are obtained in other cases as well. To include other backgrounds we just have to add to δ the corresponding δ f . For example, for a stream nucleon background,
The quantitative estimates of the effects in realistic situations of the additional asymmetric terms that we have reported above involve stellar astrophysics studies that are beyond the scope of the present work. But as we have suggested they are subjects worth of further study.
B. Comment on the F µν u f ν γ µ term
The calculations of Section IV confirm explicitly that the d f term in the general expression for the thermal self-energy [Eq. (2.3) ] is zero, as it was anticipated in Section II. This result can be understood by making reference to previous work [16] where the conditions under which such dipole-type couplings may appear in the neutrino effective Lagrangian were studied. To establish contact with that reference, notice that the terms involving c f , d f in Eq. (2.3) are represented by the operators Here we would like to point out the following. In the presence of non-constant fields (nonstatic and/or non-homogeneous) there can be additional terms involving the derivatives of F µν and/orF µν . For example, limiting ourselves to terms with first derivatives, consider the Of course this type of term (with derivatives of the electromagnetic field) will not appear in the approach we are using in the present work based on the electron thermal propagator in a constant B field. Instead we would have to resort to the type of approach employed in Ref. [6] , which is based on calculating the electromagnetic vertex first, and then taking the static limit in a suitable way to obtain the self-energy in the (inhomogeneous) external field. This calculation is underway and the results will be presented separately.
C. Conclusions
To summarize, in this work we have studied the propagation of a neutrino in a magnetized two stream plasma system. Specifically, we considered a medium that consists of a normal electron background plus another electron stream background that is moving as a whole relative to the normal background. In addition, we assume that in the rest frame of the normal background there is a constant magnetic field. In the presence of the stream (with velocity v relative to the normal background), the dispersion relation acquires an anisotropic term of the formk· v in addition to the well known term of the formk · B, and the standard isotropic term receives an additional contribution proportional to B · v that involves the stream velocity and the magnetic field. We explained why a term of the formk · ( v × B) does not appear in the dispersion relation, due to timereversal invariance, and why a term of similar kinematic form can appear in the presence of an inhomogeneous magnetic field, involving the derivative of the field. We have given the explicit formulas for the dispersion relations and outlined possible generalizations, for example to include the nucleon contribution or the case of non-homogeneous fields. We have made simple estimates of the magnitude of the asymmetric terms proportional tok · v andk · B, and found that they can be comparable for acceptable values of the parameters involved.
In the context of plasma physics the propagation of photons in two stream plasma systems is a well studied subject. Here we have started to carry out an analogous study for the case of neutrinos. The present work is limited in several ways, for example by restricting ourselves to an electron background and stream, the linear approximation in the B field, and the calculation of only the leading O(1/m 2 W ) terms. However, the results reveal interesting effects that are potentially important in several physical contexts, such as supernova dynamics and gamma-ray bursts physics where the effects of such systems are a major focus of current research, and in this sense our work motivates and paves the way for further calculations without these simplifications.
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